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Abstract:  

The purpose of this paper is to  introduce  and  study  the  concept  of  biclosure spaces  and  closure space. We  introduce  the  

notion  of  bicontinuous  maps in  biclosure  spaces concern  with  continuous maps in  closure spaces   and  investigate  its  

behaviour 
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1.INTRODUCTION 

J.C.Kelly introduce the notion of  bitopologicalSpaces.Such 

spaces are equipped with  two arb itrary  topologies.Further 

,Kelly extended some of  the  standard results of separation 

axioms in a topological space to a 

bitopologicalspace.Thereafter,a large number of papers have 

been written to generalize topological concepts to 

bitopological setting. Closure spaces were introduced by 

E.cech and then studied by many authors.In this paper we 

introduce and study the concept of biclosure spaces. We 

introduce the concept of bicontinuous maps in biclosure 

space and characterize their properties  

 

2.ON  CONTINUOUS  MAPS IN CLOS URE SPACES 

AND FUZZY CLOS URE  SPACE 

 

2.1 Definition 

 Let (X,u) and (Y,   be closure  spaces . A 

map              is said  to be continuous . If                         

                                         
 

2.2 Theorem 

 Let  (X,u) and  (Y,   be closure spaces. If         
       is continuous, then                  fo r every 

subset       
Proof 

 Given that, (X,u) and (Y,   be closure spaces .  

If                is continuous 

To prove : 

               for every subset       
Let      Then            Since  is 

continuous,  

we have                                    
     

Therefore,                          
Hence,                                     
Clearly, if                is continuous, then        is a 

closed subset of  (X,u)  for every closed subset  F of  (    . 
 

Hene the proof 

2.3 Theorem 

Let                         be closure spaces. 

If                                are continuous, 

the               is  continuous. 

Proof 

 Given that,                              be closure  

spaces. If                                     are  

continuous 

 

To prove : 

               is continuous 

Let       Since                         is 

continuous,    ( (uA))                     continuous, 

We  get,                        

Consequently,                       
             continuous 

Hence the proof 

 

2.4 Theorem 

Let                     closure spaces and let 

(A,       a closed subspace of (X,u). If                is 

continuous, then          )                         
 

Proof 

Given that ,                  closure spaces and 

let (A,       a closed subspace of (X,u). If           
      is continuous 

 

To prove : 

         )                        
If  B   A, then 

                     

              =          

             

         

Hence    is  continuous 

Hence the proof 

2.5 Definition 

Let (X,u) and (Y,v)  be  closure spaces. A 

map               is  said  to  be  closed (resp.open) ,  if  

f(F) is a closed (resp.open)  subset of (Y,v) whenever F is a 

closed (resp.open) subset of (X,u). 

 

 

2.6 Theorem 

A map                is closed  if and only if 

,for each subset B of Y and each open subset G of (X,u) 

containing    (B) there is an open subset U of  (Y,    such 

that B                 (       
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Proof 

 Suppose that   is  closed . Let  B be a subset of  Y 

and G be an open subset of (X,u) such that    (B)    . 

Then  f(X  G)  is  a  closed subset of        . 
Let U=Y          Then  U  is  an  open  subset  

of  (Y,v)  and        (   =              

                              

                                            containing B 

such that          

 

Conversely, 

Suppose  that  F is closed subset of  (X,u). Then  

                       is  an  open   subset   of   

(X,u). 

By  hypothesis,  there is an open subset U of (Y,   such  that 

                            U)      
Therefore,      F         U). 

Consequently,    Y                U)) 

      

 f(F)=Y–U. Thus f (F) is a closed subset of (Y,v).  

Hence,  is  closed . 

Hence the proof 

 

2.7 Theorem 

Let  (X,u) be a closure space               be a 

family  of closure spaces and                    be a 

map . Then f is continuous if and only  if     is  continuous 

for each      
 

Proof 

Given that, (X,u) be a closure space               

be a family of  closure spaces  and                       

be a map 

 

To prove : 

f  is continuous if and only if       is continuous 

for each      
Let  fbe continuous . Since    is continuous for each 

   ,      is continuous for each      
 

Conversely, 

Let       is continuous for each      Suppose 

that f is not continuous. Then there exists  a subset A of X 

such that                     f(uA)⊈              . Therefore, 

there exists      such that            ⊈           . 

This is contradicts the continuity of                                   

   Consequently ,f  is continuous 

Hence the proof 

2.8 Definition 

Let            
        be a family  of   pairwise 

disjoint fuzzy closure space’s.  The ČF-closure operator  

    , defined  above, is called the sum   -closure operator 

on       . The corresponding pair        (X ,       is said  

to be  the sum  fuzzy closure space  of  the  family    Clearly,  

for a fuzzy point p and a fuzzy set A in the sum fuzzy closure 

space  (X ,      of   the  family            
      . 

                   for  a  unique  t.If  

         
        is  a  family  of  pairwise  disjoint  ft’s  

under  their  F-closure  operators, the  definition  of  the  sum  

fcs  is  reduced  to  the  corresponding  definition  of  the  

sum  fts.  

Remark :Now, we   shall  define  the  product  fcs  of  a  

family  of  fc’s .  Given  a  Cartesian  product  of  sets  

     , the  pro jection  o f  X  onto  the  co-ordinate  set   

     will    be  denoted  by     ;i.e.,   
        for        . 

The  inverse  of      will  be  denoted  by  Q  for  every  index  

  . If     is  a  fuzzy  point (resp.,a fuzzy  singleton)  in  

       with  support     , then         is  a   fuzzy   

point (resp.,a  fuzzy   singleton)  in      with  support     
       and          

         .   
 

2.9 Definition 

Let          
      be a family of  fuzzy  cloure 

space’.The          closure operator      on   =    , 

defined above , is called the p roduct   -closure  operator  on 

   The corresponding pair (X,    ) is  said  to  be  the  

product  fuzzy closure space of  the  family      
 

2.10 Definition  

Let         be two    -closure  operators on a set 

   The fuzzy closure space      
  is said to be coarser than 

the  fuzzy closure space      
 ,or equivalently      

  is 

finer than        , if    
      

     for every fuzzy set A in 

    
 

2.11 Theorem 

The  product  fuzzy closure space  is the coarsest  

fcs  for  which each  p rojection  is    -continuous. 

 

Proof  

Let           
        be a family of  fcs’s  and  

let       
   be the product fcs of   .The   -continuity of 

each projection follows from  prev ious definition .  

Now, given any   -closure operator c on     for 

which each  projection is   -continuous , consider  any fuzzy 

singleton  p  such that p              t         
  (A,Ai      .By c3, there is i such that p      

  . 

Since each    is   -continuous,   
            

   

for all t.Th is implies that       
   

 . Consequently, 

      
    and        

 is  coarser than        
Hence the proof 

 

Corollary  

If  there is only one coordinate fcs, the product   -

closure operator is  identical  with  the    -closure operator 

of the coordinate fcs. 

 

2.12 Theorem  

If the coordinate fcs’s in the product fcs are fts’s 

under their        F-closure operators, then the product    -

closure  operator  is identical  with the F-closure operator 

induced by the product fuzzy topology. 

 

Proof  

Let          
       be a family of fts’s under 

their         F-closure operators and let       be the product fts 

of   . According to theorem 2.20 , the  -closure of any fuzzy 

set  A in    is contained in     
   . 

 

Conversly, 

it is required to show that for a fuzzy  singleton p in  ,            
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 p is contained in every basic closed fuzzy set F in 

  containing A.  Such a fuzzy set F is of the form      
   , where           and   Fi   is a closed fuzzy set in some  

coordinate  fts whose index  we call t i(i=1…….n). We must 

show that p is contined in some A i   (i.e.,for some i,   
    

      But this follow directly from the defin ition of       since  

for t = ti  

we have      
   

     
   

 =    

Hence  the  proof 
 

3. BICONTINUOUS MAPS IN BICLOS URE SPACES  

 In  this chapter , we  discuss  about  the  concept of  

bicontinuous maps  in  b iclosure   space  and  characterize  

their  properties. 

3.1 Definition 

A  map u  : P (X ) → P (X ) defined on the power set  

     of  a  set  X  is  called  a  closure  operator  on  X  and  

the  pair (X, u)  is called a closure space if the following 

axioms are satisfied : 

(N1) u  =  

(N2) A  uA  for every A    X, 

 (N3) A    B   uA     uB for all A,B    X 

A closure operator u on a set X is called 

additive(respectively, idempotent ) If  A, B X u(A B) = 

   uB (respectively, A X uuA = uA). A  subset      is  

closed  in  the  closure space        if       and   it  is  

open  if  its  complement  in  X  is  closed.  

Remark  

 The  empty  set  and  the  whole  space  are  both  

open  and closed. A  closure space         is  said  to  be  a  

subs pace  of         if    and       for  each  

subset    .  

 If is  closed  in        ,then  the  subspace        of  

       is said  to  be  closed  too. 

 Let  (   )  and  (   )  be closure spaces. A map                           

  : (X, u) → (Y, v)  is  said  to  be  continuous  if   

 (uA) vf(A) for every subsetA   X. 

 A map f : (X, u) → (Y, v)  is continuous if  and  only  

if                           

uf
−1

(B)  f 
−1

(vB) for every subsetB   Y. 

 Clearly, if  f : (X, u) → (Y, v) is continuous, then 

f
−1

(F ) is a closed subset of (X, u) for every closed subset  F 

of  (Y, v). 

Let (   ) and (   ) be closure spaces. A map  f : (X, 

u) → (Y, v) is said to be closed ( resp. open ) if  f (F)  is a 

closed ( resp. open ) subset of (Y, v) whenever F is a closed ( 

resp. open ) subset of (X, u). 

The product of a family {(Xα , uα) : α I} of closure 

spaces, denoted by        
 

   ,is  the closure space 

(          where         denotes the Cartesian product of 

sets   ,   , and u is the closure operator generated by the 

projections   :           ,    ,i.e., is defined by 

  =            for each A          . 

Clearly , 

if {(      :     is a family of closure spaces,then the 

projection map  :             )         is closed and 

continuous for every      

3.2 Theorem 

 Let {(  ,          be a family of closure spaces 

and let     Then  F is a closed subset of           if and 

only if  F       
   

 is  a closed  subset  of               ). 

Proof 

Given  that, {(  ,          be a family of closure 

spaces and       

To prove : 

F is a closed subset of         if and only if  

F       
   

is a closed subset of              ). 

      Let F be a closed subset of          Since    is 

continuous,   
  (F) is a closed subset of               .But 

  
  (F)= F       

   
,hence 

 F       
   

 is a closed subset of                ). 

Conversely, 

       Let F       
   

 be a closed subset of   

            ).Since   is closed ,  (F       
   

 =F is a 

closed subset of         

Hence the proof 

3.3 Theorem  

Let  (X, u1, u2)  be  a  biclosure  space  and let u1 and 

u2 be additive. If  A and  B  are closed subset of (X, u1, u2), 

then so is A   B. 

Proof 

Given that, (X, u1, u2) be a  biclosure space and  u1  

and u2  be additive. If A  andB  are  closed subset of  (X, u1, 

u2) 

To prove :A   B  

Since,                                  u1u2A = A  
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u1u2B = B  

u1u2A   u1u2B = A   B .  

Since u1 and u2 are additives,  

u1u2(A  B) = u1(u2A  u2B) 

                                                      = u1u2A  u1u2B 

                                                      = A  B.  

Therefore, A  B is closed.  

Hence the proof 

3.4 Definition   

 Let (X, u1, u2)  be  a  biclosure  space.  A  biclosure 

space           (Y, v1, v2)  is called  a  subs pace  of  (X, u1, u2)  if  

Y X  and                 vi A = uiA ∩ Y   for each i {1, 2}  and  

each  subset  A Y . 

3.7 Theorem  

 Let(X, u1, u2)  be  a    b iclosure  space  and  let  (Y, v1, 

v2)   be   aclosed   subspace   of  (X, u1, u2).  If  F is a closed 

subset of (Y, v1, v2), then  F is a closed subset of  (X, u1, u2). 

Proof 

Given that, (X, u1, u2) be a biclosure space and  (Y, 

v1, v2)   be  aclosed subspace of  (X, u1, u2).  If   F is a closed 

subset of  (Y, v1, v2) 

To prove : 

 F is a closed subset of (X, u1, u2) 

Let Fbe  a  closed   subset  of  (Y, v1, v2). Thenv1F = 

Fand   v2F = F .Since Y is both a closed subset of (X, u1) and 

(X, u2), u1F = F  and      u2F = F .Consequently, F is both a 

closed subset of  (X, u1)  and  (X, u2).  

Therefore, F is a closed subset of  (X, u1 , u2). 

Hence the proof 

3.8 Theorem  

Let  {(      
     

  :α       and  {(      
     

  :α  

     be  families of biclosure  spaces.  For each α   , let                               

  :(      
     

    (      
     

  be a surject ion and let         

f:   α   α α      α   α
    α

  α   be defined by                     

                      . Then  f   is  biclosed  if  and  only  

if     is  biclosed  for  each  α   . 

Proof 

Given that, {(      
     

  :α      and 

{(      
     

  :α       be families of biclosure spaces. For 

each α   , let                           :(      
     

    (      
     

   

be a surjection and let  f :                   
     

        

be  defined  by       f((                
        

To prove : 

f  isbiclosed if and only if     is biclosed for each 

α   . 

Let      and let  F be a closed subset of (      
  .  

Then F       
   

 is a closed subset of         
      . Since 

f is b iclosed,  f(F       
   

  is a  closed subset of  

       
     .But   (F       

   

 =             
   

,Hence 

            
   

 is a  closed subset of        
     .By 

Theorem 3.2,        is   a    closed   subset   of   

(      ).Hence ,   is biclosed. 

Conversly,Let   be biclosed  for each    . Suppose that f 

is not biclosed. Then there exists a closed subset F of 

       
      such that    

  
           ⊈       

Therefore, there exists    . such that   
           ⊈

     
    . But   

    is a closed subset of       
   and    is 

biclosed,      
     is a closed subset of       

  . This is 

condradiction. 

Hence the proof 

3.9 Theorem  

Let (X, u1, u2) be a biclosure space, {(Yα, vα
1
, vα

2
) : α 

  I} be a family of  biclosure spaces and f : (X, u1, u2) 

→        
     

       be a map. Then f is bicontinuous if and 

only if  πα  f  is  bicontinuous  for each α   I . 

Proof 

Given that, (X, u1, u2)  be  a  biclosure space,{(Yα, 

vα
1
, vα

2
) : α   I } be a family of   b iclosure  spaces  and  f : (X, 

u1, u2) →        
     

       be a map  

To prove : 

f   is  bicontinuous  if and only if πα   f   is   

bicontinuous   for   each α   I. Let f  bebicontinuous.  Since  

πα  is  2-continuous  for  each α   I ,πα  f   is   bicontinuous   

for   each  α   I . 

Conversely,  

Let πα f  bebicontinuous for each α   I . Suppose 

that f  is not bicontinuous. Then there exists a subset A of X 

such that  
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 f (u1A)  ⊈.    
  

            

Therefore, there exists  β   I such that, 

πβ(f (u1A)) ⊈vβ
2
 πβ(f (A)). 

This is contradicts the bicontinuityof  πβ f . 

Consequently, f is bicontinuous. 

Hence the proof 

3.10 Theorem  

Let  {(      
     

  :      and {(      
     

  :  

     be families of b iclosure spaces.  For each    , let 

  :(         (        be a map and let 

f:       
     

      :       
     

      be defined by 

         
            

 . Then f is bicontinuous if and only 

if     is bicontinuous for each     . 

Proof 

Given that, {(      
     

  :      and 

{(      
     

  :       be families of  b iclosure spaces. For 

each    ,let  :(         (        be a map and 

f:       
     

      :       
     

      be defined by         

         
            

 .  

To prove : 

f  isbicontinuous if and only if     is bicontinuous for each  

   . 

Let  f be continuous,let  I and let A     Then                                     

     
            

          
        

   

 

        
         

        
   

         
         

      
   

 ))) 

 

      
                 

   
   =   (   

 
            

            
   

                =       
          

           
   

 

  =   
   (A) 

Hence,   is bicontinuous. 

Conversely, 

Let    be b icontinuous for each      and let 

A       .Then 

      
   

   
   

 =       
   

           

=         
       

    
   

   

   
     

=   
            Therefore  f   is  bicontinuous. 

Hence the proof 

 

CONCLUS ION 

In  this  dissertation, we introduced and studied the 

concept of bicontinuous maps in biclosure spaces in chapter 

III. In chapter II, the operation on fuzzy closure spaces were 

investigated. The definition which are essential for the above  

were  given  in chapter I. 
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